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A numerical method is proposed for the calculation of concentration, potential, and current distri-
butions in electrochemical cells controlled by diffusion and migration of ions. Thus a hypothetical
variable v(x, y, t) is assumed to satisfy a differential equation which is similar to that of non-steady-
state heat conduction and corresponds, at steady state, to Poisson’s equation for the potential. The
differential equation for v(x, y, #) and the diffusion-migration equations of ions are simultaneously
solved by a finite difference method. Examples of calculation are given for single and mixed electrolyte
solutions in one- and two-dimensional cells. The proposed method is applicable to systems in which

bipolarity occurs.

Nomenclature

a interelectrode distance

¢ concentration of species i

C dimensionless concentration of species i

(cifemo)

D, diffusion coefficient of species i

F Faraday constant

) current density

I dimensionless current density
(ia/ FDy co)

Ji flux of species i

J; dimensionless flux of species i
(Jial Dy emo)

Ky hypothetical constant of bipolar metal
(compared to heat capacity)

n distance from surface

N dimensionless distance from surface

R gas constant

S surface area

t time

T absolute temperature

v(x, y, 1) hypothetical variable which, for
t = oo, corresponds to ¢(x, y)

V(X, Y, ©®) dimensionless variable (Fv(x, y, 1)/RT)
which, for ® = oo, corresponds to
X, Y)

X, y Cartesian coordinates

X, Y dimensionless Cartesian coordinates

(x/a, yla)

1. Introduction

Calculation of potential and current distributions in
electrochemical cells has been an important subject
in electrochemical engineering [1-4]. Much work has
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z; charge number of species 1

o hypothetical constant (compared to
thermal diffusivity)

o, transfer coefficient

B dimensionless parameter
(F*a ey [eRT)

Y dimensionless parameter
(F?cpo@’| Ky RT)

£ dielectric constant

® dimensionless time (Dyt/a*)

dimensionless area (S/a*)
potential of solution
b potential of metal

DX, Y) dimensionless potential of solution
(Fo(x, y)/RT)

oy, dimensionless potential of metal
(Fom/RT)

Y(X, Y) stream function defined by Equation
28

\% vector operator ( _6_ 9—

p ox’ Oy

*Boldface letters indicate vector quantities.

Subscripts

A anion A~

B bipolar metal

i species i

M metal M or cation M*
S cation S*

0 initial or standard state

been reported for the case in which the concentration
gradients of ions in the solution can be neglected,
where Laplace’s equation for the potential holds
[5-13]. Even when mass transport affects the current
distribution, Laplace’s equation is often satisfied in
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the bulk solution since the concentration variation is
restricted to a thin diffusion layer at the electrode
(14, 15]. However, when a large current flows in an
electrolytic cell or a battery, nonuniform distributions
of concentrations may developed throughout the cell.
Nonuniformity of ionic concentrations may also
become significant in a galvanic cell associated with
local corrosion of metal such as pitting and crevice
corrosion. In such cases Laplace’s equation for the
potential is no longer valid. If we consider cases
in which mass transfer occurs only by diffusion and
migration, concentration and potential distributions
are governed by relevant diffusion-migration equa-
tions for ions and Poisson’s equation for the potential
(or the electroneutrality condition as an approxi-
mation of Poisson’s equation). In the one-dimensional
case, such problems have been solved using the total
current as an independent variable. Thus, analytical
“solutions have been obtained using the electroneutral-
ity condition [16, 17], and numerical calculation has
been reported using Poisson’s equation [18]. In two-
and three-dimensional cases, the problem is far more
difficult to solve since the current density is a vector
variable. A two-dimensional model has been proposed
which takes into account the diffusion, migration, and
unsteady-state effects in a solution of single electrolyte
[19]. However, the situation is complicated if the
solution contains multiple electrolytes of comparable
concentrations, and if boundary conditions are not
simple as in the case of a bipolar electrode.

In previous papers the potential and current distri-
butions at a bipolar electrode have been considered
[20, 21], and a numerical method has been proposed
for the calculation of potential distribution using an
analogy with heat conduction [22, 23]. The present
paper shows that a similar method is applicable to the
calculation of concentration and potential distri-
butions controlled by diffusion and migration of ions.
Such a situation may be encountered in a cell in which
the solution is stagnant or held in a matrix. The pro-
posed method is particularly useful when bipolarity
occurs in the cell. Only one- and two-dimensional
distributions are considered here, although there is
no substantial limitation to the three-dimensional
calculation.

2. Principle

The assumptions employed are: (a) that the electrolyte
solution is dilute and ideal; (b) that convection and
homogeneous chemical reactions do not occur; and
(c) that electroneutrality is valid in the solution except
for the double layer region. Then the flux of species i
in the bulk of the solution is expressed as

. A I;‘l)l C;

Ji = = l_ﬁ_l V¢ — DV ey
where ¢; is the concentration of species i, z is the
charge number, D; is the diffusion coefficient, F is
Faraday’s constant, R is the gas constant, T is the
absolute temperature, and ¢ is the electric potential in

the solution. The rate of change of concentration ¢, is
obtained from mass balance of species i

de;
ot
At steady state,

. iF
= Vi = VDV + VDY) )

zF
ETV(DiCiV(P) + V(D;Ve) = 0 3
The electroneutrality condition is
Z ze, = 0 4

In principle, Equations 3 and 4 govern the steady-state
distributions of ¢; and ¢. However, it is not easy to
solve these equations except for the one-dimensional
case (see Appendix). If, in particular, a bipolar elec-
trode is involved, even numerical calculation will be
difficult since boundary values of concentrations and
potential at the bipolar electrode cannot be specified
in advance.

Now, let us consider Poisson’s equation for ¢
instead of the electroneutrality condition (Equation 4).

Ve = ¥z ©

Here ¢ is the dielectric constant of the solution.
For pure water at 25°C, & = 78.3 x 8.854 x
10°2CI?2m™" =693x1072CV-'em™". The
numerical value of FJe is so large (1.392 x 10" Vem
equiv™' for pure water) that Equation 5 does not
necessarily reduce to Laplace’s equation although
electroneutrality is a very good approximation. In
principle Equation 2 (or Equation 3 at steady state)
and Equation 5 determine the distributions of ¢; and
¢, but solving these equations is difficult except for
some simple cases.

There is a similarity between the potential distri-
bution in a solution and the temperature distribution
in a heat-conducting medium [24]. Thus the potential
distribution which obeys Poisson’s equation can be
compared to the steady-state distribution of tempera-
ture with heat generation. Now, let us assume a hypo-
thetical variable v(x, y, f) and a differential equation

%) = {Vzv + Igz‘: zici} (6)
which is similar to the equation of non-steady-state
heat conduction. Here, « is a hypothetical constant
(compared to the thermal diffusivity in heat conduc-
tion problems). When dv/dt = 0 for t = oo, Equa-
tion 6 has a form identical to Equation 5, and the
value of o(x, y, 0©) corresponds to the potential
¢(x, y). Therefore, if we solve Equation 6 simul-
taneously with Equation 2, in which ¢(x, y) is
replaced by w(x, y, ), and obtain a steady-state
(0v[0t = 0¢;/0r = 0 for t = o0), the values of
v(x, y, 0) and ¢(x, y, c0) are regarded as the
solutions of Equations 3 and 5. It should be men-
tioned, however, that the variable »(x, y, ) has the
meaning of potential only when dv/dt converges to
Zero.
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The current density is then given by

. F
FZ zs = — ﬁ(Z ZizDici> Vé

- FZ(Zi D,\Ve;) @)

i =

3. Numerical caleulation procedure

Let us consider a cell containing a mixed solution of
two 1:1 electrolytes, M*A~ and STA~, where the
anodic and cathodic reactions are the dissolution and
deposition of metal M:

M —M"* + ¢~ (anode)

M?* 4+ e~ —> M (cathode)

Thus S* A~ represents a supporting electrolyte. As is
usually the case, the thickness of the double layer at
the electrodes and at the insulating walls is assumed to
be negligibly small compared to the interelectrode

distance and the electrode width. Then the boundary-

of the bulk solution, which is the solution side limit of
the electric double layer, can be approximately taken
at the surfaces of electrodes and insulating walls [25].
Therefore, boundary conditions at the anode and
cathode and at insulating walls are formulated as
follows. Since the fluxes of non-electroactive species
S* and A~ in the normal direction to the surface are
zero,

FDg 0¢ desg ,
RT Sn T P53, = 0 ®)
FD, 3¢ den

RT “on T P0hg =0 ©)

where 7 is the distance from the surface. Using Equa-
tions 7, 8, and 9, the current density in the normal
direction at the electrode surface is expressed as

_ FPDy ¢

. 99 dcym
RT ™Mon

~ EDy 5 (10)

The current density is a function of the potential
difference between the electrode and the nearby
solution and of the concentration ¢,;:

I = f{(¢M - ), CM} (11
Therefore, the third boundary condition is given as

F’Dy 8¢ dcr
RT Man T Pu7, =

— f{(dw — ), om}
(12)

In the one-dimensional case, the condition of constant
flux of M* may be used instead of Equation 12. Since
electroneutrality is assumed in the bulk solution, the
fourth boundary condition is

(13)

Boundary conditions at insulating walls are given
from zero fluxes of all species (M ", S*, and A~ ) and
from the electroneutrality condition.

Assuming that the anode and the cathode are paral-

CM+CS_CA = 0

lel plates positioned at the distance 4, it is convenient
to use the following dimensionless quantities: X = x/a,
Y = yla, N = nla, ® = Dytld®, C. = c¢jeyg, ® =
Fo/RT, V(X, Y, ®) = Fo(x, y, 1) RT, I = ia/FDyscyp,
where ¢y, is the initial concentration of M™* as the
reference species. Then Equation 2 (for M™, S*, and
A7) and Equation 6 are rewritten in the following
dimensionless forms.

aCy 0 v 0 v
° " ﬁ(CMéxf)*a—}f(CMay)

’Cy  Cy

ot (9
0Cs  Dg @ v b v
© - D—M{éz<csai)+ﬁ<@ﬁ)
C *C
+ —aXZS + ———ayf} (15)
0Ca _ BA_{_i<C €K>_i<c 5_V>
00 Dy X\ A ox oY\ Aoy
o*C >C
+ 537 —WA} (16)
vo_ e oV &V
0®  Dy\ox?  aYy?
il (17

+FM(CM+ CS_ CA)

where B is a dimensionless parameter F>a’cyy/eRT
and has a typical value of 5.42 x 10" for ¢ = lcm,
cmo = 107 molem™, ¢ = 693 x 1072 CV~'em™!,
and T = 298 K. Boundary conditions corresponding
to Equations 8, 9, 12 and 13 are as follows.

oV 0Cs
Savtaw =0 o

oV 0C,
“Gawtaw <O "

oV 0Cy
CM&TV + N - —f{("a — V), Cu} (20
CM+CS_CA = 0 (21)

Boundary conditions at the insulating walls are
similarly written in dimensionless forms.

For finite difference calculations we can use forward
difference approximations for derivatives with respect
to @ and central difference approximations for deriva-
tives with respect to X and Y as exemplified by

0Cy _ (Cndi i — (Cudij
00 AO
dCy _ (Cviviije — (Cvdizrjx
X 2AX
*Cy _ Cr)irnie — 2O + (Cudivjix
X2 (AXY

where AX, AY, and AO are finite differences of X, Y,
and ®, and 1, j, and k are the ordinal numbers corre-
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sponding to X, Y, and ®, respectively:
X = iAX, Y = jAY, 0O = kA®

Then we obtain a set of difference equations which
allow calculation of explicit values of the Cy, Cs, Ca,
and V at the time step k + 1 from the Cy, Cs, Cy,
and V values at the time step k. Starting from appro-
priate initial conditions we can continue such calcu-
lations until a steady state is reached.

Convergence to a steady state was attained by using
appropriate values of AX, AY, A@®, and «f/Dy. Typi-
cal values used were A@ = 0.001, AX = AY = 0.05,
and aff/Dy; = 100. The time required for convergence
on a personal computer was several tens of minutes to
several hours. The terms (a/Dy) (*V/0X? + ¢*V/oY?)
in Equation 17 was insignificant since a/Dy was very
small: /Dy = 1.85 x 107"% for B = 5.42 x 10",
Therefore, dV/é® = 0 in Equation 17 implies the
electroneutrality condition.

4. Results of calculation

The proposed method was tested in the simple one-
dimensional case in which an analytical method was
applicable. Thus it was assumed that a solution of
single 1:1 electrolyte MT A~ was electrolyzed with
parallel plate electrodes of infinite size. The diffusion
coefficients Dy and D, were taken to be equal
Figure 1 shows the potential distribution and con-
centration distributions of M™* and 4~ calculated
for I = —2 (half the limiting current density; see
Appendix). Concentrations of M* and A~ are almost
equal at every point in accordance with the electro-
neutrality condition. However, Laplace’s equation for
the potential is not satisfied as apparent from non-
linearity of the potential gradient. The solid lines in

-
15+
104~
B
o
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& =1n(1+2X
0.5¢ ¢ ) -
0 |
0 0.5 1.0
Cathode X=xla Anode

Fig. 1. One-dimensional distributions of concentrations and poten-
tial in a solution of single electrolyte (M*A ™). Current density,
i = —2FDycyla (I = —2); (0) Cy (=ep/ep); (+) Ca (=calcy);
(8) @ (= F¢/RT).
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Fig. 2. One-dimensional distributions of concentrations and poten-
tial in a solution of mixed electrolytes M*A~ + S*A™). Current
density, i = —2FDycyefa (I = —2); (O) Cy (=oyfem); (B) Cs
(=csfep); (+) Cp (=caley); (2) © (=F/RT).

Fig. 1 represent the following equations obtained by
analytical calculation (see Appendix):
) In (1 + 2X)

(22)
(23)

Good agreement is seen between numerical and
analytical calculations.

One-dimensional distributions of concentrations
and potential were also calculated for a solution con-
taining two electrolytes MTA~ and STA~. Calcu-
lation was performed in the case where concentrations
of MTA™ and STA™ were equal (Cgy = 1, Cyp = 2),
and the current density was / = —2. The diffusion
coefficients Dy, Dg, and D, were taken to be equal.
Figure 2 shows the calculated distributions of Cy, Cs,
Cs, and ®. The solid lines represent the following
equations obtained by the analytical calculation (see
Appendix):

C, = X +3 (24)
i
G = TIamen @5
. I
G = XHi-Giammen P
® = In (1 + %X) @7)

Again, good agreement is seen between the numerical
and analytical calculations.

Next, two-dimensional distributions were con-
sidered in a solution of single electrolyte M* A~ in the
rectangular cell, shown in Fig. 3, with the geometry of
a:c = 1:landb:c = 1:2. It was assumed that there
was no overpotential at both electrodes: constant
potentials were assigned to the electrolyte at the elec-
trode surface. Only a half of the cell was considered.
Figure 4 shows contours of the M™* concentration
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Fig. 3. Two-dimensional model of a rectangular cell. a/c = [;
ble = 1)2.

which was almost exactly equal to the A~ concen-
tration at any point. This is the electroneutrality
condition which is anticipated in the bulk solution.
Figure 4b shows the potential and current distri-
butions (equipotential lines and current lines). The
current lines were drawn as contours of the stream
function which was calculated by

X
¥(X,Y) = ¥Y(X,, Y,) — jXO L(X, Y,) dX

+ [ Ly, v)dy (28)
0
Anode
F——14
13
1.2
e
1.1
(a) [ ——
1.0 T~
X \\».\
A‘K\_\ \\\\_\
. S \,\\ '\v\_i_
0.7 \ ™~
06 NN
T :]\ 13 i
Cathode
Anode

(b)

Cathode

Fig. 4. (a) Concentration distribution of M* (A~ ) and (b) potential
and current distributions in a solution of single electrolyte (M*A™).
D(Y = 0) = 0; ®(Y = 1) = 1. In (a) the numbers indicate the
value of Cy (~ C,); in (b) the lines with numbers are equi-potential
lines, each number indicating the value of ®. The separation
between adjacent current lines corresponds to AY = 0.2.

where I,(X, Y) and [(X, Y') are dimensionless forms
of the x- and y-component of the current density. In
the present case I,(X, Y) and [,(X, Y) are expressed
as

o0 4G,

LX,Y) = — (CM 5+ a—;> (29)
o0 aC

L(X,Y) = — (cM 5+ a—}‘) (30)

It is noted in Fig. 4b that the ratio of the separation
between adjacent potential lines to the separation
between adjacent current lines varies from place to
place. This is an indication that the local potential
gradient is not proportional to the local current
density, that is, Ohm’s law does not hold.

Two-dimensional distributions of concentrations,
potential, and current were also calculated for a mixed
solution of two electrolytes M*A~ + STA~ under
similar conditions as in the case of one-dimensional
calculation. Figure 5a, b, and ¢ shows the obtained
distributions of the M*, ST, and A~ concentrations,
respectively. The sum of Cy and C; coincides with C,
at every point. It is noted that the supporting elec-
trolyte ST A~ is enriched near the cathode. Figure 5d
shows the corresponding potential and current distri-
butions. The present method is applicable to elec-
trolyte systems with any number of ionic species.

We can take into acccount electrode kinetics, for
example, of the Butler-Volmer type:

i [exp <(1 — OCC)IZ(]?M - 4)))

—-éﬁiexp <;:EE£¥2%§:::?2>} (31)

Boundary conditions at the electrode surface are rather
complicated. Assuming a simple M*A~ solutions
(cs = 0 and ¢y = c¢,), dimensionless forms of boun-
dary conditions (Equations 19, 20, and 21) are now
written:

i =

oV | 9C,
_e, L9 2
St - O 2
v o
Cu g+ S8 = —hlexp (1 — 3)( — V)
— Cyexp {—a(Vy — M)}

(33)
Cy—Cy =0 (34)

where Vy = Fou/RT and I, = iyafFDycy,- Equa-
tions 32 to 34 determine the C and ¥ values at the
electrode surface. For the cathode, for example (see
Fig. 3), the corresponding difference expressions are

A Ch)iaa + (Cligs Y { i — (Mo
2 AY

Cadipge = (o} _
b (s )

(35)
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Fig. 5. Concentration distributions of (a) M*, (b) S*, and
(c) A, and (d) potential and current distributions in a mixed
solution of two electrolytes (M*YA™ + S*A™).
(Y = 0) = 0; ®(Y = 1) = 0.5; initial concentrations,
Cmo = Cso = Ca0/2. The numbers in figures (a), (b), and {(c)
indicate the values of Cy, Cy, and C,, respectively. The

Cathode Cathode

(Cydink + (Cio My — (V)i,l),k>
2 AY

(CM)i,l,k - (C)i,(),k
(o)

= —Iexp [(1 — &) {(VM)k - (V)i,o,k}]
= (C)iox €XP [—o{(Muh — Mhiox) (36)

where (C)ox = (Cudiox = (Caiox- Two unknowns
(C)ox and (V); ox can be calculated from these equa-
tions using the Newton-Raphson method. Figure 6 is
an example of calculation with [, = landa, = 0.5.1t
is noted that equipotential lines cross the electrode
surfaces and that current lines do not make right
angles to the electrode surfaces.

Bipolarity is sometimes encountered in electrolytic
systems and in corrosion cells. Both anodic and
cathodic reactions can occur on the bipolar electrode
(corroding metal) placed in the potential field in the
solution. Conventional methods would require lengthy
iterations for the calculation of concentration and
potential distributions since boundary conditions at
the bipolar metal do not specify either potential or
current density. The present method is applicable to
such systems. As an example, let us consider a metal
plate placed between the anode and the cathode in a
simple M* A~ solution, where dissolution and deposi-
tion of metal M take place with Butler-Volmer type
kinetics (Equation 31). The geometry of the cell con-
sidered is shown in Fig. 7. Boundary conditions at the
anode and cathode and at the insulating wall are the

numbers on potential lines in figure (d) indicate the values of
®. The separation between adjacent current lines corresponds
to AY = 0.2.

same as described before. Two of the boundary con-
ditions at the bipolar metal are zero flux of A~ and
electroneutrality. The other restriction at the bipolar
metal is that the total current should be zero:

[ids =0 (37)

where iy is the current density in the normal direction
at the surface, S is the surface area, and integration
should be made over the whole surface. The current
density iz is expressed as

F°D, 0 dey
iy = ——]—{TcMa—f—FDM—Cn* (38)
. [exp ((1 SEAL ¢>)>

™ —a . F(dg — @)

e (2)]
where ¢, is the potential of the bipolar metal, which
must be treated as an additional variable. Now, let us
recall the analogy between potential and temperature,
and between current density and heat flux. Then we
can assume the equation

dog .
Kagl = — [inds (40)
where Kj is a hypothetical constant (compared to the
heat capacity in heat conduction problems). Equation
40 can be compared to the relation between the total
heat flux and the rate of change of temperature. If we
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Anode

(a)

(b)

Cathode

Fig. 6. (a) Concentration distribution of M*(A~) and (b) potential
and current distributions in a solution of single electrolyte (Mt A™)
with Butler-Volmer kinetics. ®y(cathode) = 0; ®,,(anode) = 1;
Iy = 1; 2, = 0.5; A¥ = 0.05 (see the caption of Fig. 4).

combine Equation 40 with Equations 38 and 39, in
which ¢y is replaced by vy (¢), and obtain the condition
dvg()/dt = 0 at t = oo, the value of vz(c0) can be
regarded as ¢y. Equation 40, combined with Equation
38, can be converted to the dimensionless form

v, oV aC,
® - VJ(CMzaTH‘a?v‘)d“
where ¢ = S/a’and y = F*cyya®/ Ky RT. Using forward

difference approximation for the derivative dV;/d®
the difference expression for Equation 41 is

VB +1 V k CM i,l,k+ CM 1,0,k
(( )kmm):y;[(( s + (€ )

D = Pio
(Pagte)

(Cvdix = (Cmdiox
b ((Gobas = o) |y

@41

(42)

The summation should be made over the whole
surface of the bipolar metal. Assuming an appropriate
value for 7, we can explicitly calculate the Vj value at
the time step k + 1 from the C, ¥V, and V} values at
the time step k. The calculation procedure for C and

(a) ,
© @© =} ~N = ©
(@] o o - - — —
‘\ \
/ / \
[ Voo
f 5
s/ | \B\
2 J
Cathode . Anode
Bipolar metal
(b)
N © © Q
o o (12} La2] ~
l
o I I A—
A 02 ——
N jX ]
\x\\{\\ " - e ]
b s
T 77
Anode

Bipolar metal

Fig. 7. (a) Concentration distribution of M* (A~ ) and (b) potential
and current distributions involving a bipolar metal placed between
the anode and cathode. Electrolyte, M™A™; ®,,(cathode) = 0;
@y (anode) = 5. The Butler-Volmer kinetics with I, = 10 and
%, = 0.5 is assumed at the anode, cathode, and bipolar metal.
AY = 0.2 (see the caption of Fig. 4). Dimensionless potential of the
bipolar metal, @y, is found to be 3.60.

V is the same as described earlier. Figure 7 shows
the calculated results of concentration, potential, and
current distributions. Unlike systems with uniform
concentrations in the bulk, the low concentration of

Anodic
01 —
>
a
o B
° 0
- A
C
p
5
O
-0.1F -
Cathodic

Fig. 8. Current density at the bipolar metal. (See the caption of
Fig. 7).
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0.5
0.7

(a) j! / \ |

7
Metal plate

0.06
-0.08
(b)
-0.10
A B
Anodic Cathodic
region region

Fig. 9. (a) Concentration distribution of M*(A™) and (b) potential and current distributions involving a bipolar metal placed mn a
concentration gradient of M* A~. Electrolyte, Mt A~ ; C(left) = 0.5; C(right) = 1.5; ®; = 0. The Butler—Volmer kinetics with J, = 10
and o, = 0.5 is assumed at the bipolar metal. AY = 0.04 (see the caption of Fig. 4).

ionic species near the cathode results in a lower con-
ductivity in the electrolyte, requiring a larger electric
field to drive the current, as shown in Fig. 7b. It
is apparent that the right-hand part of the bipolar
metal becomes cathodic and the left-hand part
becomes anodic. Figure 8 shows the current density
(dimensionless) on the bipolar electrode as a function
of X. It is interesting that the current distribution on
the bipolar metal is very symmetric although the
potential distribution is asymmetric.

The other example of bipolarity is a kind of local
corrosion in which metal M is placed in an M*A~
solution with a concentration gradient, but without
any applied voltage. The geometry of the system
considered is shown in Fig. 9. The assumed situation
is that the right and left ends are permeable walls
and that the MT A~ concentrations at the two ends
are different and kept constant. Dissolution and
deposition of metal M take place with Butler-Volmer
kinetics (Equation 39). Figure 9 shows an example of
calculated distributions of concentration, potential
and current. The values of potential, @, are expressed
with reference to the potential of the bipolar metal,

0.1} Anodic
T
>
2
B

5 0
- A
C
g
5
O

-0.1+ Cathodic ~

Fig. 10. Current density at the bipolar metal. (See the caption of
Fig. 9).

@, . It is apparent that a local current flows between
the anodic and cathodic regions on the metal plate.
This is a typical example of metal corrosion due to
a concentration cell. Figure 10 shows the current
density on the bipolar metal surface. Again, the
current distribution is very symmetric. The symmetric
behaviour of current distributions observed in Figs 8
and 10 is qualitatively explained by a cancellation
of the asymmetric distribution of potential and the
asymmetric effect of the M* concentration in the
kinetics of dissolution and deposition of metal M
(Equation 39).

5. Conclusion

A numerical method has been proposed for the cal-
culation of concentration, potential, and current
distributions controlled by diffusion and migration of
ions. The present method is simple and flexible and
has many applications. It is particularly useful for
treating bipolar electrodes such as are encountered in
local corrosion cells. Its extension to three-dimensional
problems will be straightforward; only terms with
respect to z need to be added to the relevant equations.

Appendix

One-dimensional distributions of concentrations and
potential at steady state can be calculated analytically
in an electrolytic solution containing two 1:1 elec-
trolytes (M* A~ and ST A™). The anodic and cathodic
reactions are the dissolution and deposition of metal
M.

Using dimensionless forms of fluxes, the flux equa-
tions for M*, S*, and A~ are expressed as

a0 dCy

= —Cy— — —M Al

Iu Mdy dx (AD)
Dy do  dCs

= 2 _c. = - == A2

Is DM< CSdX dX) (A2)
D, do dcC,

= A — A A3

Ia DM<CAdX dX) (A3)
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Dimensionless current density is

I = Juy+Js—J, (A4)
Assuming the electroneutrality condition,
Cy = €y — G (A5)

Since the fluxes of non-electroactive species, S* and
A", are zero everwhere,

do dCs

Cs& = ~Ix (A6)
do dC,

CAd_)? = Ix (A7)

Substituting Equation AS in Equation Al, and using
the relations A6 and A7, we obtain

dCy,
Current density is
dc,
I = Jy = — ¥ (A9)

At a constant current, integration of Equation A9
yields

Ch = Cp — D)X — 1/2) (A10)

where C,, is the dimensionless concentration ¢g/Cyg-
If we define the quantity k = — I/2Cy,, then

Ch = Cafl + k(X — 1/2)} (A1l)
Equation A7 can be integrated to give
® = InC, + const
= In[Cr{l + k(X — 1/2)}] + const (A12)
Integration of A6 yields
® = —In Cy + const (A13)
From A12 and A13, Cy is expressed as
k
& = lp@rie =)
1
—_— Al4
X(1+k(X—1/2)> (A14)

where Cg, is the dimensionless concentration ¢gy/Cpo-
Finally the concentration of M™* is given by

CM = C, — Cs
= Cpo{l + k(X — D)}

— Cx (m I If)/(2 = k)}>

x <1—:ﬁ> (A15)

For a solution containing single electrolyte M*A™,

Cy = Cy = 1 — (I12)(X — 1/2) (A16)

The limiting current density I}, is then calculated from
Equation A16 by putting Cy = 0at X = 0:

lin = —4 (A17)

The solid lines in Fig. 1 were calculated from Equa-
tions Al16 and Al12 with 7 = —2 (half the limiting
current density). The solid lines in Fig. 2 were cal-
culated from Equations A1l, A12, A14, and A15 with
Cho =2,Cqp=l,and I = —2.
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